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Abstract
We consider a mesoscopic mechanism of the exchange interaction in a system
of alternating ferromagnetic/nonmagnetic metallic layers. In the case of small
mesoscopic samples the sign and the amplitude of the the exchange interac-
tion energy turn out to be random sample-specific quantities. They can be
changed by applying an external magnetic field, by attaching to the system
superconducting electrodes with different phases of the superconducting order
parameter and by changing the chemical potential of electrons in the metal
with the help of a gate. In the case of square or cubic geometries of the non-
magnetic layer at low temperature the variance of the exchange energy turns
out to be sample size independent.
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The investigation of oscillations of the exchange energy as a function of the nonmagnetic
layers’ thickness and the ”giant magnetoresistance” in the system of alternating ferromag-
netic/nonmagnetic metallic layers has both scientific and technological interest [1−10].
The origin of the exchange interaction between the ferromagnetic (F) layers is the
Ruderman- Kittel type interaction: The interaction of itinerant nonmagnetic metal elec-
trons with localized ”f” or ”d” electrons in the ferromagnets induces a spin polarization
in the nonmagnetic metallic (N) layers. This magnetization, in turn, creates the effective
interaction between two localized spins in different ferromagnetic layers with the energy
E(~R1, ~R2) = Iij(~R1, ~R2)S
1
i S
2
j . (1)
Here S1,2i are components of localized spins in the F layers and ~R1,2 are their coordinates.
We employ the simplest model where conduction ”s”-electrons interact with localized ”f” or
”d” electrons in the F layers via a contact interaction with energy
A
∑
k
δ(~rk − ~R)~sk~S. (2)
Here ~rk and ~sk are coordinates and spins of conduction electrons in the metal which are
labeled by the index k and A is the interaction constant. In the case where two magnetic
ions are embedded in a 3-d nonmagnetic metal Eqs.1,2 lead to a well known form of the
exchange energy [11]
Iij(~R1, ~R2) = I0
cos(2pF |~R1 − ~R2|)
(pF |~R1 − ~R2|)3
. (3)
Here I0 =
9π
64
(An)2
EF
is the interaction energy of adjacent localized spins in ferromagnets, which
is of order of ferromagnet’s critical temperature; EF , pF are the Fermi energy and the Fermi
momentum, respectively, and n =
p3
F
3π2
is the concentration of electrons. Following to [6,7,8,9]
we will use the approximation where the total exchange interaction energy E¯ between the
magnetic moments in the F layers is a sum of E(~R1, ~R2) over coordinates ~R1, ~R2 of the
localized spins in the ferromagnetic layers.
E¯ =
∑
~R1, ~R2
Iij(~R1, ~R2)S
(1)
i S
(2)
j = I¯ijn1in2j (4)
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Here n1i and n2j are components of unit vectors ~n1, ~n2 parallel to magnetizations in the first
and the second layers respectively. We assume that the exchange energy inside ferromagnets
is large enough and fluctuations of spin magnetization direction along the F layers can be
neglected. As a result, in the case of clean N layers (L≪ l), the value of I¯ij and the relative
orientation of magnetizations of different F layers are oscillating functions of L. [4−9] Here
L and l are the thickness and the elastic electron mean free path the in N layer, respec-
tively. The same effects takes place in the system of alternating ferromagnetic/degenerated
semiconductor layers.
Until now, however, both experimental and theoretical studies of this phenomenon have
been restricted to the consideration of the infinite dimensions of both F and N layers and
clean N layers. In this article we discuss the opposite case of small sample sizes and disor-
dered N layers where the mesoscopic effects determine both the exchange interaction between
the ferromagnetic layers and the conductance of the system. Let us consider, for example,
a system of two F layers of sizes L1, L2, L3 divided by a disordered N layer with L > l (See
Fig.1). In this case the amplitude of the Ruderman-Kittel exchange interaction between a
couple of spins located inside different F-layers 〈Iij(~R1, ~R2)〉 ∼ exp(− |~R1−~R2|l ) ∼ exp(−Ll ),
averaged over realizations of a random potential (and consequently the total average ex-
change energy 〈E¯〉 between F layers) is exponentially small and can be neglected. [12] Here
brackets 〈〉 correspond to averaging over realizations of a random scattering potential. On
the other hand, it is well known [13−16] that the exponential decay of the average 〈Iij(~R1, ~R2)〉
is the consequence of randomization of the sign of Iij(~R1, ~R2) and that the typical amplitude
of the interaction
√
〈(Iij(~R1, ~R2))2〉 ∼ |~R1 − ~R2|−d decreases with distance in the same way
as in the pure case. Here d is the dimensionality of space. Therefore, in the case L ≫ l
the amplitude of the Ruderman-Kittel interaction between the ferromagnetic layers must be
controlled by the mesoscopic effects.
In this article we discuss the typical magnitude of the ”mesoscopic part” of the exchange
energy between the ferromagnetic layers. We show that it is determined by long range
correlations between Iij(~R1, ~R2) and Ik,l(~R3, ~R4) which survive even on distances |~R1 −
3
~R3|, |~R2 − ~R4| ≫ l. As a result, for example, in the case of square or cubic geometries of
the N layer and at low temperatures the variance of the exchange energy turns out to be
sample size independent.
Let us start with the case where the length L2 of the F-layers is relatively short and
one can neglect the fluctuations of the orientation of magnetizations along the F layers.
To find the relative angle θ( ̂~n1, ~n2) between magnetization’s angles in different layers one
has to calculate the sign and the amplitude of the quantity I¯ij . In the case where metallic
region is disordered, I¯ij is a random sample-specific quantity, which can be characterized
by its average and moments. One can calculate the correlation function 〈δI¯ijδI¯kl〉 with
the help of the standard diagram technique [17] for averaging over realizations of random
potential. Here δI¯ij = I¯ij − 〈I¯ij〉. The diagrams which contribute to 〈δI¯ijδI¯kl〉 to lowest
order in parameter h¯
pF l
≪ 1 are shown in Fig.2, where solid lines correspond to electron
Green functions in Matsubara representation, dashed lines correspond to the scattering on
the random potential and vertexes correspond to the contact magnetic interaction Eq.2. The
blocks of the diagrams shown in Fig.2c correspond to the so called Cooperons and Diffusons
Pˆ c,dω (~r, ~r
′), which are tensors as functions of electron spin indexes [17]. The diagrams shown
in Fig.2a have been considered in [13−16]. They give main contribution to the correlation
function 〈δIij(~R1, ~R2)δIkl(~R1, ~R2)〉 ∼ |~R1 − ~R2|−d. These diagrams correspond, however, to
the correlation function 〈δIij(~R1, ~R2)δIkl(~R3, ~R4)〉 which decays exponentially when |~R1 −
~R3|, |~R2− ~R4| ≫ l. As a result, for example, in the case L ∼ L2 ≫ L3 ∼ L1 the contribution
to 〈δI¯ijδI¯kl〉 from these diagrams is of the order of
I20 (np
−3
F )
4(
L1
L
)2. (5)
We assume the density of localized spins in the ferromagnets in of order of n.
The diagrams Fig.2b give much smaller contribution to < δIij(~R1, ~R2))δIkl(~R1, ~R2) >,
but they describe long range correlations 〈δIij(~R1, ~R2)δIij(~R3, ~R4)〉 ∼ R−4(d−1) when |~R1 −
~R3| ∼ |~R2 − ~R4| = R ≫ l. As a result, it is these diagrams that determine the of the
correlation function of the interlayer exchange energy 〈I¯ij I¯kl〉 at L ≫ l. The qualitative
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explanation of the origin of the correlation is as follows. The mesoscopic fluctuations of the
exchange energy δIij(~R1, ~R2) result from the interference of random probability amplitudes
of diffusion paths between the points ~R1 and ~R2. Among these paths there are some which
visit points ~R3 and ~R4 (An example is the line ”a” in Fig.1a). This leads to the mentioned
above correlation between Iij(~R1, ~R2) and Ikl(~R3, ~R4). As a result, we have:
〈δI¯ijδI¯kl〉 = 2
π
I20E
2
FT
∑
m
ω
∫
d~R1d~R2d~R3d~R4
(σˆiPˆ
c
ω(
~R1, ~R2)σˆkPˆ
c
ω(
~R2, ~R3)σˆjPˆ
c
ω(
~R3, ~R4)σˆlPˆ
c
ω(
~R4, ~R1) +
σˆiPˆ
d
ω(
~R1, ~R2)σˆjPˆ
d
ω(
~R2, ~R3)σˆkPˆ
d
ω(
~R3, ~R4)σˆlPˆ
d
ω(
~R4, ~R1)). (6)
Here ω = π(2m+1)T is the Matsubara frequency, m is an integer number T is the temper-
ature and σˆi are spin operators. Integrations over ~R1, ~R3 and ~R2, ~R4 in Eq.6 is performed
over volumes of the first and the second ferromagnetic layers respectively. Results of calcu-
lation of Eq.6 depend on the ratio between the lengths L, L2, LT =
√
D
T
, Lso =
√
Dτso and
on boundary conditions for Cooperons and Diffusons. Here Lso, τso are the spin-orbit relax-
ation length and time, respectively, and D is the electron diffusion coefficient in the N layer.
In the case of the ”open” geometry of the N layer shown in Fig.1a and LT , Lso ≫ L > l;
L, L2 ≫ L1, L3, we have
< δI¯ijδI¯kl >=
5 · 2 72 ζ(5
2
)
32π
9
2
X
I20
(pF l)2
(pFL1)
4δijδkl (7)
Here X is a factor, which is of the order of unity when L ∼ L2 ≤ LT and ζ(x) is the Zeta
function. In different limiting cases we have:
X =


(L2
L
)4 if LT > L2 > L
L2L
3
T
L4
if L2 > LT > L
(8)
In the case L > LT the expression for X acquires an additional exponentially small
factor exp(− L
LT
). In the case Lso > L the minimum of the exchange energy corresponds
to parallel or antiparallel orientation of the layer’s magnetizations (θ equals zero or π). In
the opposite limit Lso ≪ L we get the same formula as Eq.8 but without the factor δijδkl.
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This means that the exchange interaction between the F layers is of the Dzialoshinski-Moria
type and a minimum of the exchange energy corresponds to a sample specific angle θ( ̂~n1, ~n2)
distributed randomly in the interval (0, π). It is interesting that in the case L ∼ L2 < LT
Eq.7 turns out to be independent of L. Let us note that the diagrams shown in Fig.2a give√
〈(δI¯ij)2〉 ∼ L−1.
While deriving the results presented above we neglected the sensitivity of the boundary
conditions for Cooperons and Diffusons to the change of magnetization directions in F-layers.
In the case of the open sample geometry Fig.1a this is correct, provided
Ap3
F
L1
vF
≪ 1. To get
an estimate for 〈δI¯ijδI¯kl〉 in the opposite limit one has to substitute the factor A(L1pF ) in
Eq.8 for EF . For example, in the case LT > L ∼ L2 > Lso we have
〈δI¯ijδI¯kl〉 ∼ E2F (pF l)−2 ∼
h¯
τ
. (9)
Here τ is the elastic mean free path in the metal. We would like to stress that the origin of
both Eq.7 and Eq.9 is the exstance of the long range correlation of signs if the quantities
Iij(~R1, ~R2) and Ikl(~R3, ~R4) on distances much larger than l.
In the case when the length of the ferromagnetic layers L2 is long enough one should take
into account the random fluctuations of the direction of magnetization along the layers. A
solution of this problem is beyond the scope of this paper.
As it is usual in the physics of mesoscopic metals [19,20], the external magnetic field
changes the electron interference pattern and, thereby, θ(~̂n1~n2) turns out to be a random
sample-specific oscillating function of the magnetic field H . In the case of the open geometry
of the N layer shown in Fig.1a for L2 ∼ L the characteristic period of these fluctuations
is [19,20] δH1 ∼ Φ0L2 . Here Φ0 is the flux quantum. There is also another characteristic
magnetic field in the system which corresponds to the interaction energy between the external
magnetic field and magnetic moments of the F layers which is of order of the exchange
energy between the layers: δH2 ∼ I¯ijµp3
F
L1L2L3
∼ h¯
τ
1
µp3
F
LL1L3
. Here µ is the Bohr magneton.
At large enough L, δH2 >> δH1 and therefore the exchange energy I¯ij will be a random
sample-specific oscillating function of the magnetic field in the situation where the interaction
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energy between the magnetic field and the ferromagnetic moment is still negligible. As a
result, the relative orientation of magnetizations of the F-layers, characterized by θ( ̂~n1, ~n2),
will be a random function of the magnetic field. In the opposite limit, when δH2 < δH1,
θ( ̂~n1, ~n2) monotonically decreases with the magnetic field. Even in this case it is possible to
see the random oscillations of θ( ̂~n1, ~n2) near the magnetic field corresponding to spin-flop
transitions.
Another way to change the relative orientations of the F-layers is demonstrated in Fig.1b.
Namely, θ( ̂~n1, ~n2) is a random sample specific function of the order parameter phase differ-
ence (χ1 − χ2) in superconductors S1 and S2 in Fig.1b. The reason for this is that some
diffusive paths connecting points 1 and 2 in Fig.1b can visit superconductors (line ”b” in
Fig.1b) and the corresponding amplitude of probability to travel along these paths acquire
the additional phase (χ1 − χ2) [20]. Another consequency of the phase dependence of the
exchange energy is that the critical Josephson current of the device shown in Fig.1b de-
pends on the angle θ between magnetizations of F layers. At last, a change of electrical
or chemical potentials in the metal (or in the degenerate semiconductor) also lead to the
oscillations of I¯ij . In the case L ∼ L2 characteristic period of the oscillations as a function of
the chemical potential µ is of the order of δµ ∼ Ec = DL2 . [19] In the case when the degenerate
semiconductor is a part of a MOSFET one can change µ by changing the voltage on the
gate.
The resistance of the system considered above is a random oscillating function of the ex-
ternal magnetic field. There are two mechanisms which cause these oscillations. 1.The usual
mechanism for mesoscopic metallic samples: [19,20] amplitudes of probability to travel along
diffusion paths acquire additional random phases, proportional to the magnetic field. The
characteristic period of the oscillations is of the order of δH1. 2.The magnetic field induced
change of θ( ̂~n1, ~n2) which corresponds to a change of the boundary conditions for electrons
in nonmagnetic metal.As a result the rotation of the ferromagnetic layer’s magnetizations
leads to mesoscopic fluctuations of the resistance of the sample. The characteristic period
of the oscillations correspond to (θ(H)− θ(0)) ∼ 1.
The calculations presented above do not take into account the dipole interaction between
magnetic moments in different F-layers. This interaction decays with the distance between
the layers L and can be much less than the considered above mesoscopic part of the exchange
energy, which is independent of L if L≪ LT .
In conclusion, we would like to mention that the considered above mechanism can deter-
mine random anisotropy of the exchange interaction in bulk disordered ferromagnets. Let
us introduce an exchange field
~ˆHex =
1
v
∫
v
~Hexd~r. (10)
averaged over a volume v = L30, l < Lso < L0 < LT . Here
~Hex is the local exchange
field acting on localized spins in ferromagnet. The correlation function of this field can be
calculated with the help of the diagram Fig.2b.
〈Hˆexi(~r)Hˆexj(~r′)〉 = I
2
0
µ2(pF l)2
1
(pFL0)2
f(|~r − ~r′|) (11)
Here f(r) is the function which is equal to unity at r << L0, decays as f(r) ∼ (LTr )6 at
L0 < r < LT and exponentially decays when r > LT . The above-mentioned long range
correlation between δIij(~R1, ~R2) and δIkl(~R3, ~R4) manifests itself in the factor (pFL0)
−2 in
Eq.11. An assumption about short range correlations would lead to an expression which is
proportional to (pFL0)
−3.
The authors would like to acknowledge useful discussions with J.Bass, Y.Shender and
P.Levy. This work was partially supported by Division of Material Sciences, U.S.National
Science Foundation under Contract No. DMR-9205144.
8
REFERENCES
[1] M.Baibich at all., Phys.Rev.Lett.61, 2472, 1988
[2] R.Camley, J.Barns, Phys.Rev.Lett.63, 664, 1989.
[3] S.S.P.Parkin, N.More, K.P.Roche, Phys.Rev.Lett.64, 2304, 1990; ibid 66, 2152, 1991.
[4] P.Levy, S.Zang, A.Fert, Phys.Rev.Lett.65, 1643, 1990.
[5] Q.Yang at all, Phys.Rev.Lett.72, 3274, 1994.
[6] B.Heinrich, J.F.Cochran, Adv. in Physics, 42, 523, 1993.
[7] Zhu-Pei Shi P.M.Levy J.L.Fry, Phys.Rev.Lett.69, 3678, 1992.
[8] Zhu-Pei Shi, P.M.Levy, J.L.Fry, Prys.Rev.B.49, 15159, 1994.
[9] Y.Yafet J.Appl.Phys. 61, 4058, 1997.
[10] Q.Yang at all, Phys.Rev.Lett.72, 274, 1994.
[11] M.A.Ruderman, C.Kittel, Phys.Rev. 96, 99, 1954.
[12] P.de Geenes, J.Phys.Rad. 23, 230, 1962.
[13] A.Zyuzin, B.Spivak Pisma Zh.Teor.Fiz.43, 185, 1986(JETP Lett.43,234).
[14] Stephen,M.J., E.Abrahams, Solid State Commun.65, 1423, 1988.
[15] A.Zyuzin, B.Spivak, ”Friedel Oscillations in Disordered Metals” in Trends in Theoretical
Physics vol.2 ed. by P.J.Elis and Y.C,Tang,1990.
[16] B.Spivak, A.Zyuzin, ”Mesoscopic Fluctuations of Current Density in Disordered Con-
ductors” In ”Mesoscopic Phenomena in Solids” Ed. B.Altshuler, P.Lee, R.Webb, Modern
Problems in Condensed Matter Sciences vol.30, 1991.
[17] A.A.Abricosov, L.P.Gorkov, I.E. Dzyaloshinski, Methods of Quantum Field Theory in
Statistical Physics,NY,1963.
9
[18] B.L.Altshuler, D.E.Khmelnitski, A.I.Larkin, P.A.Lee,Phys.Rev.B22,5142,1980.
[19] P.A.Lee, A.D.Stone, Phys.Rev.Lett.55,1622,1985.
[20] B.L.Altshuler, Pis’ma Zh.Eksp.Teor.Fiz.42,530,1985(JETP.Lett.41,648).
[21] B.Spivak, D.Khmelnitski, Pisma Zh.Eksp.Teor Phys. 35, 334, 1982(JETP Lett. 47, 268).
10
FIGURES
Fig.1. Schematic pictures of the ferromagnet-nonmagnet layered systems.
Fig.2 Diagrams for the correlation function 〈δI¯ijδI¯kl〉.
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